


Wave Mechanics
1. Waves on a String

Deriving Wave Equation in 1D
Suppose  We have a 6(7Yinj NHh, !enyH\ L, uniform, fineay o\cn.siéj ¢, dension, T
01 )
9(x,1) Fy= mas ”g‘é (,t)

6 << |
RN Ly

X ‘\_/ d

A,g;mnl&igﬂs :

1) No 3‘10\(14\7, no o\mj due 4o aiv  frickion

2) Onlj one fovce adin\? on 6jsfew\,', Tension, = eq/uilibviuw\, posikion, is shaijkt
3) Conkinuum approimation, = \Shir\j is conbinuous

4) Amplitude  not ecces.swc\j lmrge = 01 (smal)

5) Can onlj Vibrabe in verbical | no hovizontal mokion

Tension, Forces
Considey the -Followinj o\iagfmn ot specific +ime =ty
T +6x) \«)(oc, to) = \«7(.1‘)

ol t,) = o)

lsolate o gmall section, wheve
* 0<x <L,
. §x <<l (smal)



! O(x+§3)

Ta)

?xo\)ec’ciov\s: Decomposm\? the dension force into hovizontal and vertical Components,

?(x +6x)

-

Tl +6x)
J/';j(x%)
e

) Ay

From, the diaj'mw\,'.

T)= |?’(1)|<

The +4otal fovce is

ed) ==

v

63M'||M L]

5

- ¢056(
-—fs?f\a(:)))

v Majni4ude of Tension, Fovce
1T =x

T(x+860)= T ( ¢05 (34 62)

§in @ (x+6x)

)

F= T + Totsx)

= ?=<

cos O
3in 6

EH&Q — 0s56(2)

@)

x+8x) ~ §inglx

A.ssumino §x <<\ (small) 5\7 To\t]loﬂl'\s thm,
Olctsn) » 6() + fx %Qm + O(8)
X

and +hevefore

coé(
-

F= T

I X

o) + sx20() + o(éx)

) - 030()

é'm(e(i) + §x.90() +o($f)> - 5in )
X




Again; agplying Taylov's +hm;,

. cos( 6(1)+5x§_3 +0(6£)> = (056() + sxg_g (WJD cos(8) + 0(6x)

T co&(—)(m) - &% gﬁ 5in6(m) + 0(6x)
X

ny d ) = i d ; ?
$ vx( o(x) + 6&53 +0(s )> sin0) + 6x gg B sin(6)) + 0(6x)

= sin O(x) + 6x§_e 0s6(x) + 0(6x)
\Sub.shh{iv\j 3ives

?2 inB(x) ?
Téx%’g ( gorg <(s;)> + 0(6°)

Since osscillations ave small,
Bx) is small = 6«1
= ol ~ 6() + 0(6@) = o6)
(0s6@) ~ 1 4 0(6@))

=|F= TéxQ_Q(?) + 0(5) + ole)

ALSO MCd to heiah, 3_(1) 4o dhﬁ?& O‘f' :’(\'ﬁ)
oX

0t o(») 29 = +an 6)

X

5L

X

2 .
g‘? tan8l) = %%& =1 g@(ot) Chain, Yule

X (,06

= A ~vg6l) + O6E) O s gmall
gﬁ' éameat 3] S §ma



PmHinj it all +oje+kev We 3‘*

F= ( E,L) = [Téa; 3(&)((‘)) + O(e(a))]&m + 82
J
=> F,=0 + 0(6()) + O(6) 0

- 2 2
Fy= [Ta%zﬁ(m) v O(e(a))]&c + O(s1)
Note (’=% = m=8xl assume € constant

Applyinj Newdens [aw
Newton's second law
wi(e,t) = Fla,t)
Assuminj only verkical vibvabions = Hovizontal fovees 0

= F.'L:O
5\7 Newlon's  second law,

3 = Ma\l)(lq't) ¢ 29(1,{:)
Eiw{mj 4o (%)
65&9 Yyt) = [Ta ya) + (9(6(1))]&( + Osx)

= Cizj(m,t) = T2,4@) + 0(6@) + Osr)
ot o

= 6_5_9.;3(1,%) = Tai;_v(&) + Os) (Dfoypinj O(e(x)) 4erms

[ §x—0

1D Wave equation,
2 2.2
2, yat) = ¢ gfly(x,e)




Also whitken, as

9y ) = o y ) D WAVE EQUATION

where,

2

=T Wave Ve\oc#]
¢

Dimensional Ana‘yb

2450 - VI[240] = - 9

checkmj +hat +his aqvees with dimensions of  Wave veloci4] defn;

[(]-M = [ =(LT? =(M2=_f=L
]L i [T ML f; T

The solution of d’Alembert
We will fivst Solve +he 21D-Wave Ealuajcion, ijnofmg boundow\? conditions
Consider the [D-Wave Eqn:

3 yt) = & ag gt D WAVE EQUATION

Change of Co-ovdinates
M\sin\j appvopmic w-ovdinake vansformation )
(x,4) — (§(xb), ()
our funckion Y becomes
ﬂ(x,‘c) = ﬁ(%'(x,‘c), (b)) Wt

we want 4o 47ar\s4om wave et‘m

az,c:;(x,%) = 629;3 (0)t) —— 959,]3(6,“) = 1("5) canonical form




Wse chanjc of ¢o-ovdinates

{5(1{ = X4ct

1\ J."‘:): I-C'L'
Find'mj devivatives usmj chain vule

) 8, §(§(xit) nat) = 2 af

= 9 5(&(&,{),1\(1,9) = 9@ 9’ ¢ ‘%9'6

o1 90X

9, § (§lat) () = 5% 2% + gy 91

=% Y +359

= ng(g(x,t),v\(xﬂc)) = 96'5 +3,9

Finding second devivative,
) 3(&&,% (xt) = 9;6( - 9’4)
= 949 36 - At dyc
= 99{36 9,]9:536

Claivant’s Thm,

= (9,9, §-9,5) -91(0¢ 5 -545) 1
:[9;;5 + 9—3{5 -29§9y\5]62

= a,fg=[a€5 +on G - 205 1¢

W 3, (5at), 1) = 9,03, 19,5
= %Y + 30y
= 9&5 i 9,'9,_5

Claivaut’s Thw,

= ga(aag '*9,\'5) +97|(9g5 1‘349)

2, o o~ o~
= 9‘13‘:- 9;,34-9:‘-3*2959'\3




mes‘cih{inj this into +the 1D WAVE EQUATION gives

(954 + 045 -20¢04 )¢ = £log§ + o075 4200047 ]

= 99 §(§,n)=0 | cANONICAL FORM

£= rict
N= x-ct

Geneval JSolubion of wave qua&im

Deti
efine 9“5(%,4) =£@Emn), +is m avbaémrj function

Since. by canonical fovm,
9% On 3’(%,4):0 = 3,9(En) = 4(60) = £(n)
= IiEm) = 4(n)
since £(n) i avbakmj, vepresent using ks primitives
£(n) = 94 F(n)
Thevefore we 3e{—
oni&M) = 40) = 9,3 n) = 9, F(n)
= 9 [§E1)-F] =0
= 3(5,7\)‘—' F(n)+ c(4) | constant of in%cjmhof\
But we can make & gimilar argumen% for othey vaviable
% §&n) = 9(&n) = 9(8) =9 4(§) = 9%5(6,.1\) =5, 4(¢)
= &g[y(ﬁ,v\)—agﬁ(ﬁ)]
= | Y(gn) = G(§) 4 ('(n)
From ond (1), the qeneral solution, is

j(a.vo= Fn) + G(&) | GENERAL EQUATION OF WAVES




Therefore

ﬂ(x,ﬂ = F(t-ct) 4 Glact) | GENERAL EQUATION OF WAVES

T'{mlellin\? Waves
when G(%) =0, +he solution becomes
ylo) ) = Flx-ct)
This solution, evolves bﬂ igidly Movinj 1o +he wight, Shape (Anchangeo‘

Righ’c— moviv Wave
yluk) = Fla-ct)

when, F(1) =0, the solution becomes
5(&;%) = Goact)
This solution, evolves bg igidly nov'mj to +he left, Shape unchangeo‘

Ri,H:— moviv left
ﬂ(x,%) = Gr(a(.-}d:)

Fla-ct) |, Fix)=of Flah)
AF

1 ;J" . X

A shift of one 4o +he 'riﬂh’c



Tnitial Valag Problems
Findinj pavticulay solution, 4o
oy yout) = & oy yG)
subject 4o initial conditions
3(m,£=0) = Yo aw(ﬂﬂpf)lt=o =V,

Sub.shh%ino bwmdavj (nditions into general wave equation

FO + G x) = gy () (1)
CF) -6 (0)= - %) (2)
Jol\!il\j (2)
CF() -6 = ¢ d (FQ)- 6@) =-v, = d(F&)-6() = -y,
dXx dt G
« X
=>de(1)~01&($) = -,lfms) ds
“
x
= Fl)-6) 4¢ = -,nfv,,m b
Tatvoduce a primitive °3

X
V, (x) = {v,,(s) ds-C

0

e get )66 = L)

C

Now using in (1) we 3&

Fl) = Ly, () -1 Vi{w)
2 2¢

G@) = Ly, (a)+ 1 Vi)
2 2¢




Pfu%inj into ‘3(:1,,{),

xtck ek C cancels
) = £ o\~ —_ ) - o(
5(3“‘) gb(:uc )ZJr'j (x-ct) 4 2I-0U0 V,(8) ds £ v s\ds)
= ylyt) = g (xret) +ypla-ch) M» fo (M]
= + + Yold- + L o\S
Y ga:xc?_ Yold-c MUO\/,(.so\stM\lt 9
wt+ck
= | youob) = galatek) o) + 1 [ J \/,(.sHsJ
) z . Ak
o( = :
{?10(3 ::(x)’

3(1,%) d (x+c4;)z t(x-ck) = JL2+62+2
2 2
PioH:'mj fo t=2
7

3(1;2/6) : axf?:‘_‘f Kj




Boundaries and Interfaces

Wp unkil now, we have considered our \Skvinj o be e#icfivelj infinite . Now we add
end points.

Tabuitively, we know waves cnvry - enevgy. Tkev move With wave veloch ¢ +herefore
possess kinetic enexgy

Tn absence of dissipation, enevgy, enevay is consevved , waves cannot disappeay at end of
5{1‘;,\\7_ Tt mast be Per:‘;miHe ?reﬂedzz}. I

Reflection, at fixed end: Divichlet Bouno\awj Condition,
Choose @ vight moving string aeiving at YijM end of 6%7‘:!\3

/\/\/\/\/M;i(_o 3(0,%) =0 Yt
Not intevested in places far +o the (eft.
Ma{kemhcaﬂj Conﬁdeﬂn\? wave o0, -00<x< 0

When, the 'rijh‘c end 1s fixed, we have the {-oﬂowinj boundav7 condition,

Divichlet bounda17 condition,

From +he 3enm‘ solution, of & wave
glut) = 4e-ct) + glatet)
pluj in boundmrj condition, +o 3e’f
0= $(-ct) +3(c£) = g(cé) = £(-ct)
= 3(&)'—‘ —£(-s)  VseR

Thas ouy solution is
yout) = Ho-ch) ~$(eck)  Vx<0 VteR
This solubion, consists of +wo pavts il.So‘utiorl, does mob  exist on vigh% plane.

1) 'ri?hl: Moving part f(x-ct)

2) left Moving part: ~§(-x-ct)

vefleckion, x axis  veflection y axis



To undevstand what is happening, congider $(x) 4o be localised avound x=-lx,l <0
and ‘(m)ica‘ vidth §

This means $(x) >0 'rayio\\? fof XY X+ and X<X,-§ ( $(x) > 0 putside mhm\)
(10—6, :x'o'w)
Suppose at +=0, wave packet does not hit boundmr7

ab 0 boundw\r?

_,_TX//\ ~—+ /// / “— no_solodion, exisks
v

Now ag +he wave +vavels

(+ime evolves)

wave hiks boundow?
boundmr7

bow ndm«]




v
bou ndm7

\[\/\

The wave 1 compl&e(] veflecled and 9oes fowavds -00,

Below 15 a move accutate pht
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Time snapshots of the solution to the wave equation with a Dirichlet boundary
condition at z = 0 and f(z) = —e @+9*/25in(3z). You can see the wave packet is
localised on the negative real line for ¢ = 0. As time passes, it moves to the right,
eventually interacting with the boundary at x = 0. After enough time has passed, the
wave is completely reflected and travels undisturbed leftwards to —oc.



Reflections at Free End: Neumann bounolav\? condition,
Here end point is $ree 4o move.

End of ‘shinl\l is attached 4o magsless contvaption, that is free 4o move ver{ical\j
alonj a Tod With no frickion

/\/\_‘; aw(ac, £) |>(=o: 0

I
I
X=0

Therefore vevtical (,omponcm‘. of fovee is 0

Neumann, boundavj condition,
axb(m,’c)lx:;O ¥ teR

D'«Heren’ciajcing geneval wave  equation S(x,’c)#(x-c%) +9(x tct)
y(od) = £lx-ct) +g'latet)

and plugginj in, bovma\arj condiion,
fCet)+4(ct)=0 = +06) +96)=0

= g0)=-£s)

infejm{inj = 3(6) =f(-s)4¢C

Setting C o 0 we get

3(1,{)= flo-ct) + $Cx-ct) , V<0, VteR

_——
D,

L-l
solution, does not  exist on Yight plane

Agai'\, we have 2 solutions:
« the incoming part © f(x-ct)

- the veflected part : #(-a-cf) — veflected front +o back
(verdical veflection, Y axis)

—® N0 up-fo-doun, Yeflection,

(no hovizontal veflechion, x axis)



Reflection, and Transmission, Taterface

Consider +he {oﬂoumj setup :
> 2 semi-infinite strings of different densitis 4 f €

> Join, 2 .shing.s +03e+kev. Assame tensions Yemain +he Same and 2 .errin?s have eq,ual
fension : T
.S-h'inﬂ 2

64111\5 1 ;

cl=ff ¢,= F
e( el

€, <<€, Second J{viny ks much heavier

on \Shm 1 uker\ it veachey the \)unchon some of the wave is

A wave -hraveﬂlg
ome 15 Tefl

Hransmitted and
The heavity 6{:vinj will offer a lot of veshstance.

Analjzmj m{:hem’cicaﬂg

S-Hinﬂ A
64111\‘7 1 5
/V\J\_Z/‘\

Junction,: =0
. éhir\j 1: alonj - 004x< ()
' \shing 2: along  0<xdoo
Gt 6
We have o piecewise funchion,
b= (—Fi(m-c.t) $9,(+et) x40
I tola-ct) +9,(ated) 20




At 0. We ave Iookinj at a Yijh{' Movinj wave from left hand dide. MaJrhMa%icallv

{4.&)&0 Y20 {Lz(u)xo V %20
g @ %0 ¥ a<0 9% 0 Y x20

Note: that €70 and evolution of second \Shinj happens for 04t< 0.
This allows wy 4o ix
31(1) =0 ';denjdc,a“\l

Notation,:

' -FI(&—C,’c)-' Tncideat wave v‘;gh% mov?nj

. SR(:HC(%)-' Reflected wave , lejt movin3

. 3T(3£—62€)5 Transmited wave |, vijh’c movinj
Therefore piecenise solution becomes
3(ac,{)= ( -ix((a—c,t) +9ga+et) %<0

{x-cit) 220

Impobi'\j con’cmuin‘y: gé@l — conhr\uouslg once diffeventiable and -fol\ouinj condifions
l@m[ﬁ(‘x’ t) -3(—&,6)] =0
alcigo’f[ 5(&,’0 - g(—m,’c”: 0
Pluﬁh\j in, we 3&
fleyt) 4 9,(k6,8) = £C,) (1
£100t) + 4o lgt) = £Crt) (2)

Jolvinj (1) and JMb\f{ih’cin\? in S=-¢t

W= 4z) )



SubS‘h-Mnnj this into (2) , wWe je{’
SOE (%.zs) 3&( 4.5) = ZQHL (CZ ) 2_;,3,((_%&)

= [Hra]a(es) = [a-]H(8)

— T N— v N~
C|+Cl 0=-¢3 C-¢,

2 Ca C
Jubﬂh‘ufinj 0, we 3& :
AR v :
9¢(0) = o,-czz t(-0) 7= Gs

In{ejml:'mj the e(tunjcion', 6e++inj Consgtant of inkejmhon, $0 0

\%\(0)— _2%62;--{( )

and «Findir\j 4ransmitted wave -FT(J)

= £ _,;(6)=$ )= 2¢ 4 [qa
'f‘r(tf) 1'_(.5-;5) 6'+62+ 'f' ) - (%_)

Thevefore 4he final solution, is
£ (-c) + Agd(x-cob) , x40

Ay +I<g. (xx-¢¢) ) , a0

C2

’(x,f) =

Wheve

Ag=La-Ci | REFLECTIN AMPLITUDE

A_= 2¢ TRANSMISSION  AMPLITYDE




Lini{'inj coses
. whey‘l elzfz -_——-_5\(?_':- :ff @ C‘=CZ
e( eZ

AR:O . AT=1, j(at,{)z -Fr_(m-c,{) YaeR (Yijhﬁ mov‘mj)

* Suppose €, K¢ 'rijhjc s{—vin\? is much heaviey +han, the left one.
Qe => L1 =2 (>

61 ¢,
Thevefore
4.1
AK= lib\, C2=C = lim Ca ~ 0-1 =-1
450 (’I+CZ ﬂ-;OO _fl_.‘. 1 +|
<3 Ca 2

Anothey uay of lookiry at His is

Ag=4-G and (¢ = Agn -G =-1
Gicy C

65 G dominabes ¢, 0 G4, X ¢ and -G % -C,

\Similav[7

Ar %0 Ag -1

Here heavy string a5 05 o fixed point ‘Yeﬂec{:inj almost  completely 4he incoming - wave

* Considen €>0€ = (14L¢,
Here A_= lim, (I- C‘/Cz) =1

R~ %_T_-aoo 14 ale,

Ar=_2¢2 x2¢7:=2
C|+Cz CL

Thevetfove
Agx 1l

Arx2




D Alembert Wave quua‘:'lon, Lot Divichlet Bomdw;
Yl t) = 4 (a-ck) -4 (x-ct) (406) = -#()

€)= Ho-46) vl -efle) 4 ef)

V(1) = - £ 4 f (1) = %((4'(1)—{'(-1))= i
= 4 +4C2) = _((: ( T/o(s)ds
+() ) 1( ’
x)= | u,&)-_L ) ds
2.5 2¢ (W S 5(1&) = $(x-cb) - $(x-cb)
b
x-ct 0
0 ybed) - ylad) - 1 .
3(1%) n(x t) «_q(x ct ?jc [ fv‘(;)dw f 0,(9) ds ]
2 0 -x-ct
b
= 30(1—&)—30(-&—&) ~fov,c(s) ds
2 2<'-\:L—c(:
1-ct
= 3(1,%)‘—‘ yy(x-ct) = gpla-ct) -1 rvb(s)ds
v 5 2C-x-¢£

D Alembert Wave E¢uatiom $o Dirichlet Bour\o\ow]

ylo k) = 4a-cb) 4 4(-a- ct)
J‘m]\m(-] 4o above
gy (%) = Hx) +4() V() = —cf'(w) - ¢ #(-a)

Vo(m)=-c{'(m)—c¥'(-l> = +'<J) + fr'(—ot)r- - %0(1)
= Ha)-$(1) = -fovo(s)ds

L C
() =Ly, ) -1 (v,(5) d 0
0=19,08 2(Ifovo.s) 5
x-ct et
9(1,9 = g, (-cb) + g (u-ck) -1 v‘,C (s) ds —_LJ V,(s) ds
2 269 2¢




Solution of Bernoulli: FINITE STRINGS
.S‘mn9 is finite = 2 bounalmr\? conditions

™" 3 yat) = Cogylast)

Scpmjcion of vaviables

Ansatz: 3(:;,{) = X(«)Tk)

@i#enn’dahn\? and 6ubd%ifuiin& into wave C@Mahm\, both §ides ate equa‘ bt dep end
o dent vaviables

K)T'@) = AX'(0TE) = 1 T'6) = X'x) = constant
ATl X(x)

This is in sepevated form:
* (eft hand only depends on, x
. Yijh’c hand onl, depend& on, t

Jince eti,uahovl, mast be eci,ma‘ and hold fov all values of o and €, buth sides ave equal
to & constant

_ {x"(:x) = - K*%(x)
T'#) =-K¢ Th)
The ﬁeneml .So‘u’cion, s +hevefore
K@) = Acos(kx) + Bsin(kx)
T() = Feos(ket) + Gsinlket)
And thevefore +he wave ectuafiov\, takes form,

5(1,%)‘-‘ (Aco&(kx) + Bsiv\(Kx)) (Fcos(Kct) + Gsin kc‘c))




Finite vaing.sio{:andinj waves and Jupmposihon.s
2 Divichlet Conditions: D-D condition,

Finite J%vinj on inteval [0,%], x=0 ond x=n being {fixed ends

t)=0
M\ ______>{5(0t) 7

Loat X=1 y(m,t) =0
lsing Sepevated form, these conditions ave satistied
%(0)=0 (%)= 0
Thevefove
E X(0) =0 N { A=0
(1) = 0 A + Bainlkn) =0
To avoid 4vivial Solution, A=B8=0, set B%0.
Bsin(kn)=0 ond 6#0 = Sin(kx)=0

= keZ
Thevefore

A0, keZ

Thevefore fov D-D 6%1%1\\7

b ()= sin(ia)(F coslhet) + Goin(ket)

Y keZ

wheve Fe= BF, G = B4

2 Neumann Conditions: N- N condition,

le\/\/\f{ﬂ {

x=0 X=X

ax{?(&;'&) |(__.0 3 0
axﬂ(d;‘t)lx__.x =0

lsing Sepevated form, these conditions ave satistied
X(0)=0 X/ (x)=0




Thevefore

X‘(0)=O -0

e = |

X(n)=0 -Aksin(kx) + BksmiKn)=0  KeZ
To avoid 4vivial solukion A=8=0, et A$0.

Aksin(kn)=0 and A$0 = KSin(kx)=0

= keZ
Therefore

B:0, keZ

Thevefore fov D-D \hﬁﬁnj

ﬁ'”(x,{ﬁ (o5 (k) (F coslkeb) + Gieoinlket) v keZ

Both \«7”'” and 7°'D are \h‘andin\? aves. They don't Hvavel bub vibvade i place.
Jupenposition, Principle

Jupevpoth ion, Pvinciple
Tt states

For all lineay \sng{ems lmeav combination of any
Numbey of soluttons is a solution,

Ma—}kem{icall‘d, given, lineay 6361lem
LX=0

m,
with solutions § X-J!-u, for some mz21, then any lineay Combination,

M
V=2 X, il
i1

is shill & solution,
Ly) =

Here: ') Lisa matvix and X @ vechoy
2) L is a diffeential operator and X a function



Therefore
it 31(3(,4:), «j,_(ac,’c) solve wave ec,/vm{ion, then,

m(m,t) =o(3‘((l)£) + ﬁyz(d,{;) +v
5 a solution Yo, p,¥eC

For example for D-D bomndmrg problem, the most general solukion, is

gy Gt)= Z.o_ sin(ka)(F, coskeb) + Gesin(ket))
K=l

Tnitial Value Problem
Choosing initial shape 30(00, initial velocity v, ()

Take a.sjmv:? at vest
Tnitial Condidions

ek
p > 3@).[;._.0) + jb(x) at\«j(i,t:O) = V,(i)

X=0 A=K

Assuming D-D boundary condition, and gwbstitubing,

y,(x) = %Fk.sm(m) Vo(m)=%Kc&K\sin(Kod
To find co-efficients from the Sums, we use ov+hojomh+3 velations
_%fw\sm(m)am(h) dx = 8 p = {(1). ﬁ;fzﬂ
Hence we ge%
f \%x)sm (0x) d. = % dx 3 FKJin,(Kx).sir\(ﬂx)

K |
0

0

o T
JMPPOMin\? JUM convujes -’-‘_%Z dx FKJm,(KJL) \Sm(h)
K:I



o0

T
- Z_F" _gf dx sin(kx) §in(lx)
K=1 Ko

o0

:ZFK 6’(,“
K=1

Fe

n

Play'nl? the same Jame

1 00
_?-_J Vo(a)sm(h)d = _9_-.{ kcGKJin(KJL).Sir\Ux)
r K .
o0
i 2 . K .
Juppo\ssmﬁ JUm_ Converqes ;_ﬁfdx kcGKJm.( x)&m(h)

)

Z.o-_l(c GK__fdx sin(ka) §in(fx)
K=

:ZKG GK JKQ
K=1

= {cGy
Therefore co-efficients ave
T )
Fe = %Jyo(x)sin(Kx) dx &K‘;;\?‘—Koj yx) sin(ksc) da
0




J’crinj of 3ene(w lenjkh x=L
2 Divichlet Conditions: D-D condition,
Finite Jhrinj on inteval [0,L), x=0 ond x=L being {ixed ends
(0)'”: 0
— \L)
Ly { y(L,8)=0
Using sepevated form, these conditions ave satistied #

%(0)=0 *(x)=0
EX(OFO N { A=0
(L) =0 A + Bsin(kL) =0
To avoid +vivial solution, A=B=0 set 00,
Bsin(ke)=0 ond %0 = Sin(kL)=0
= KL=nK

Vi

Thevefove

Thevefore

A0, nesZ

k=nK

L

Thevefore bj duPevPoﬂhov\ pfinciP\c
00
9(3(.{:): AZ—OJM(&?") [E\Coé(ﬁlz‘_—c€> +6rNJin<f_\f_-d )j}
Tnitial Value Problem,
Choosing initial shape y,(x), intfial velcity v ()

Take Mjmri? at vest
Tnitial Conditions

o T ﬂ' 3(¥:t=0)=\7b(3t) atj(x,’c:b) =y, (%)
L .

(AJi!\j fact that Fa= %f \'7(3‘;0)&'\("_> dx
.Zjdl'ﬂ NTX SINMAL, = 6M'\, = 0 ,
AR o= 2 [ 2 4, O)sin an. ds

0 nAc| 9t L
0




2. Energy and Harmonics

Harmonic Waves

As Seen, eavliey, wave eti,ua’cion 9:3—59:3 =0 has Solutions of form,
U(J,Jc): Acos(k(x-ct)) + Boin(k(a-ct) + Caos(k(@sct)) + Dysin(klasct)

This is & specific instance of +the havmonic wave

hax,4) = acos [K-wt + ¢ ] HARMONIG WAVES

> a: AMPIi-l'Md?/
> K Anju\av Nave numbey K=k
2K
> An\a)ulav -FvequenC3
> ¢ phase V= W
2K
The harmonic wave is also waitten, 6

hx,8) = acos (21 (Rx-vt) + ¢)

Dimensions
» la]=h » [w]=T71
> [k]= " > [p]= 1

From +he definifion of h(xut), it is clear +hat

Peviod: P=_1
V
Wave lenj+h¢ )\=__:_/f:__
K




Properties of havmonic waves
> Since all constants of h(nt) ave veal,

max h(x,t) = a
xovt

do & is the mayiml displacement from, x axis
« Nodes h(x,4)=0
© peaks h(ut)=a
+ troughs h(out) =-a
> Since havmonic wave being Sinusuid, it s peniodic in
hotn/K,4) = h(ut)  YneZ

The 6pa%ia| peniod 18 +hevefore the uavdenﬁk A=_}E

Dmuinj a ploE ot t=¢,

. distance bedweey, 2
peaks

[  #=14=24=3 =4
L 1

P = Time before 1** superposition : A
2L . o e . at

1 L L . L 1 L x " 2 1
-1.0 -05 0.0 05



> Jimilw{l:’ the wave h(xt) s peviodic in t
he,t4/0) = e, ) VneZ

This peaind @ [ P=_L |: The dime that elapses from a vefevence instank ¢
L before +he (x,h) phot of the wave Juperimposes ihselt
for the fist  fime

» frequency b: The number of dimes wave oot (x)h) Superimposes iseld in a
HE wnit 4ime inteval te(o 1 f | Pomp

» Phase @ measures

anjulaY wave nambea: The dioplaccmenf of crest closest 4o 4he
veference point x=0 af Yefevence dime +=0.

hX,0)=a =>| ¢ =KX

> Wave/ Phase §peed

(=NW=LV=W c=oonsfant, c=c(k)
h K
b=ty h o
i { acos(kx-ut + Q‘)
\ LY aeo(kay 46)  kap=2x 4
(l
/ acs(ka, +6) D 1,-%; = 2% =k
& K
_a wovelength,

> Wave number £ number of crests in wnit interval (0.']

> Wawlenﬁk N distance bl 2 yeaks oY -hou,[\s



Complex Havmonic Waves

*(kx- wt)

H(x t) = Ag
Azad?

A€C’ k)”é‘z

Tak'mj vea| paY{'
Re[H(x,t)] = Re Acos(ia-wk) ~ Im Asin(kx-nt)

1( ~wt+¢) .
Hb)= ae Kbt ¥ = Ra[H(x,t)]=uRe(e'(“+”H¢))= acos(kx-uf +¢)

Using complex. havwonic waves 4o find Solution do wave equation,
5 Hayb)= fo Hyt) = -Ad=-AEK
Al complex havmonic waves with
w=u(k) =t ck = v= (k) =4 ck
is & valid solution

Jolvinj PDE{S With haymonic waves

Any  lingay homopeneous POE with constant co-efficients admils solubions in formy of
Complex  havmontt wave

Hea’c E@ua{ior\,

) w8z ad) nlat) W tempevature £ 0 : thermal o“H—uS'N'\JwI

Lt w(nt)= H(xljc)___ Aei(m-u{)

\PiHevenfiahr\j and \Subsjc'l‘cu{ing

onlot) =) ulbut) = wiind=0
= | we-l
Noke: We defined weR but w=-1ak €€ 2 solubion exfends +o complex plane




Thevefove

L 2
)= Age " M Ae€, keR

5oundmv Conditions

T T’ (A(O,‘{T)= T'-:Mo
X=0 :X.=7l' [
u(n,k) =T <ug<u,
(Ao\
“n al
X w

mesl:i{:u{:inj boumda'rj conditions

2
%Aé“ké: u,  cannot be Solved

A £t LHS has mo ime dependence
=70

Use trick 3
N bx) =0
and therefore us'mj k) = ot bt Ul d) a=wy b= ug-u, x
R
Qtu =o(9‘,:-(l\.
2
.U =<3, U

Thevefove +he most ‘qene'ml solution, i

ubt)= ak ba + Qod)

wh
il U(0,8) = 0T =0 | Divickled condibions

Since U(0,t)= U(0,1) =0, x appears in & sin funchion with sin(k2) , keZ

Obsevve +hak
kk-nkt

e
(AK(OCH:)-I' ('A-K(x'{:) = Anelkx il + A__KC



Since A, is just & constant define A =-Ag Then we jel—

ol 2 Pl kze
“K(u,{f)'l' ('A'K(x'{:) = Ale'kx Akt 4 A-Kelb(. o

2

= 24 AKe”"“sm(kx)

2

:@ MK(OC,{T) + "A-K(x":) = 21 Ake-dkéém(’(i)

|ﬁALS() satisfies heat eﬂua{;ioa and boundary conditions
u(o,4) = U(x,£)20

Hence by supevposition principle  define

o0 2
V) = 2 Ax C-AE\Y'\A(KJO
k=1

and hence

Q 2
wt) = atbat at) = vy + Ug-tte x + > aysin(ka) et
A K=|

Addinj initial conditions
M(X;O)’; Mo
The initial condition, veads

0
u, + lﬂ;(_un_&‘,’ ;alm(kx) = Uy (x)

Remember The 'u\’cejva‘s

x
&JJMM(KOL)JH\((:L) = (SKL
n

0

and +the viviol in%ejmls

x x 14
2 fdm<m= {4/@0 le22+1 | 2 fdmm(u>= %(—n
Y,

R 0
0 (€27 0



and infej'm{inj (%) Ajain\s’c 2 [rsinllx), we gejc

0= -2 a-lig
Kl

We need 4o vesum the Jeries over K. For =0,

w .
R -l

Mn—foduna{eiy, there i no closed Jov ﬂenm[ t.

« 2
M(x){) = Wy + Ux-W &-Z{MO—ME)Z[- (Kk )e-e(k{:
A R K=|

Taking the limit t—00, the solution velaxes into a lineav funchion,

lim, wlout) = wy - - Ux x
t00 x

inbevpolating fvom, 4he dempevatures w, and Uy On, +he other hand at +:0, +he solution, has
o d'csionhn?.il? at x=0 dug o DiﬁcMg{ Cono\iéons

Ug AR

faking an, L-shape. The cutves will smoothly deform with t from, w(0) 4o ulx )

u(z,t) (K)

T

Plot of the solution (2.28) for ug ~ 373.15K (the boiling water point) and
ur ~ 273.15K (the freezing water point).



Energy
Enevw

A wave s a distarbance in a medinm, +hat pvopoja{es energj

The fotal energy of a ehring is the sum of fotal kinetic enevgy and total potentil
enevw

Total Enefw‘—' Et+= K+ V
° &

tota]  +okal
KE PE

Ener” densi{j
Enerﬂ den.si{-j 1s the energy of infitesmal part of shing betueen, x and éx

SN T~ | 6K(ad) = Lmve
2

§x

[9{3(“;{')] Kinetic enevgy dcns'rlry

1ed
2

m=€Jx

To obfain, fotal KE, 4ake limik 6x—=0 = becomes m’cejm

f?((ac,{—) do | Tokal Kinekic Enn”

x(xt) = _g_ [Otg(x,(:)]

W 1"'(93(\‘?(3'\(7) Sx  avc length
..... ' Taylot Expansion,

1+5x = 6 [14' ! (91\‘)(*’5) 1 0<(a"3)q ] §s <<\ (small)

SV()=T§s - Téx = 6%7‘ (9x ”(:x,{))z Potential Enevﬂ de!\Silj




To obfain, fotal PE, dake limik $x— 0 = becomes 'm%ejm(

Total
PE

L
V) = j dx Viut)
0

W)= T (o yfat) )2

To{'a[ Ener”

L
E(t)= K@) +v(¥) = f d. £(x,t)
0

b=l [e(at3<m,%))2+ T3y (b)) ]

Ener” densi’c\j of Example Waves
l) Riﬁl\{: {'mve“inj Wave - 1‘(1-6{')

9, F(a-ct) = £'(x-ct)
af(a-ct) = -¢ £ (x-ct)

PE ﬂxz_c%l [ch‘r] = [T

= ) T

Ener” demi{y

€

L L 2
E-= gdx ¢(at) = T{dx [£'(x-ct)]

2) J’candinj Waves: Consider D-D condition,

3(3L,Jc)= sin(Ie) (Feos(iet) + Goin(ket))

= A sin(kx) cos (kct 4 )

K=F14°
cos(g)=_F

ﬁz

phasoy addition




COMPM{:iV\j devivatives

& Yoy t)= kA as(ka) as(kct)
ot 3(1,0: - k¢ Asin(ka) sin(edt) + ¢

¢(xjt) = .k;_AZ[eZJ}rG(kx)th(kchS) + Tcosz(kx)Cosz(Kc‘cW)]

where

x(8) = ART sit(k) sind(kek 4 6)
2

D(at,’c) =A2Ji']'_ CO.SZ<I<3L) cos?(ket + q))
2

Remember inl-ejmi

R ) x
J Gt (k) dx = x , f sk, <%

2
0 0

We gejc x
k() =%LE .siv\Z(Kchﬁ)fsirC(m) dy, = L’;:Tmimz(m’cw)
0

X

Vi) = /Lf’[cosz(l(c%-}(b) 05 (k) dot, = @'E s (Ket +6)
0

Ada\iv\g the +uo terms, we 3ek

E@t)= k@)+ V()= A?'KZIN




3) Bichvomatic wave

5(&,{:) = m(;x,‘cH s (x,4)

= A sin(kx) cos(eck + 6) + Ag Sin(f) coy(Let +Q5,Q)

Also contains 2 fundamental 41e1uencics we=ke, we=de

Juppose K# 1,

L
+ ?fdi 9,((3-)47)9{_:72(1,{5)

0

K(t) :fi{ <9t5<°‘ +3, 4,0, é))
0
+

=KK

1

L
Remember f sin(x) gin(x) d = %‘. g
0

Therefoe if KL,

K= K+ K

Jame holds Hor po%enjc'm( eM'fgtJ

V=V 4V,

Thevefove

E': EK +E1

15

sum of the individual chandm] wave ene

The +otal encr ﬁy of & sum of J’mndu:?? wave s eti,ua( to
i

We wrike this s

E[> gl = 2 Elyt)]




Consevvation, quua{ior\,
Consider 4otal energy

L L
Eiot = de tlyt) = EdJEEh’{' = %def(x,f)
0

0
Juap inkejml and dev'wajcwe Jupyo.sinj ir\{ejml 60nvevjes (enev” cannot  be 00)

L

4 =Jd 2 £t
d,cEl-ot xo,)—tfx)

0
.D'quven%ia{inj energy densijc(j §(x,4),

£l = [(’(at:,(m,{))er oy} |

7
we ﬁeJc
9, £(x,8) = €3y y(erblagy ud) + T, ylxyDadyyf,t)
=T [9{”(‘1;'&) 3:3(3(.,'(7) + 91 9(&,'&)5&9{ y(&,'&)]
Note:

ax[axﬂat ﬂ] T ;39':‘3 +9xjaxa£j

Hence

Define enery tHux o5 F as
ljj:(xnt.) = -Taw(uﬁc)afg(x,f) EMT” flux

and we write

9,(2(x,+)+ QxF(x,{—FO Consevvation, eqyua{iom

Ay x,
4 = dx 9, £(u,t) = J dx 9, Flat) = Flxg,4) - Flag

& &y



Boundav7 Conditions
(i_{lzi may not be 0. Tt value depends on, bounJMj conditions.
What the above ¢ nahom 15 Saying is the enerqy changey in dime by +he Jame amount
the energy Hous infout  From, 2 ap points of -H\cﬂg Y"‘j J J
T, Divichlet and Neunann, Jhinj s studied in an 1solated envivonmeat = losed sns%ew\
= dEfdt=0
‘For D-D boanM?
ylort) = y(Lit)= 0
3 (0t) =9+9(L,{)=0

Rlz=0,¢)= -Toylut)]  deyo,t) =0
X= 0
* For N-N bouno\arj
Qx(i’qjcl = 19(’#)'

Fov N-N, D-D, N-D, D-N,
dE =0
dt




3. Bodies Vibrating in 30

Jhimjs in 3D
(9:3(1 )'E) = 629:3(:&. ',Z)

8, 2(u,t)= {9, 2 t)

Waves on a plane

Consider an infinite 2-Dimensional Membrane of homojeneous densilzg e

Equilibrium state is flat. Assume membrane is stvelched with Jension T. Each line Jejmn{:
wﬂll experience fension, force a\ong the line itself as the 1-D case

Howevey, there will also be fension, +orce ac‘c'mj in +he divection, perpendiculay 4o +he line.
Combinations of all the fensions will pvoduce the 4otal fovce.

2 Dimensional  Wave ec;ual'iov\,

2 A '\61

2(x,9,4)
(148y, ytsy)

(1451, )

We make the following assumptions
+ Membrane onlg traverses in, 2-divection.
* Teasion, vemains constant and is +he only force
' Anjle between, the horizontal plane 20 and plane hngené b 2(y,28) is swmall
9, 2(uyt) «1 92y t) &l Yat

. Tl =717

congtant



Hence
Fa= Téxdy [sin6(x+6x, 3+63/7-) - Jin@(x,gwy l2) + sin@latérfy, g+67/z) - Sin@+x/2, j)

* 6(1)9) is the angle made by vector ?(1,3) along the & divection, and horizontal plane
» Oluy) is the angle made by vector ?(1,3) along the 9 divection, and vertical plane

6luyl +an[6(19)] = 2 2(x)9,t) §x«|

d)(ﬁll ‘j)"’ tan [Qs (00)'1)1 = 93 Z-(Jt, v,(:) Su, <4
Using smal( anglc approximation,

Fz(x,t,,{)=T6167 [9‘12 (x,g,{:) + 972(1,9,{)]

Ap?l-"m, Newbon's  Second law Fz(l,*,,%ﬁ MG:Z(X,U),{): 661679:2(3(,“),“
3,2(x,y,t) = ¢ [97 2 (wy8) + 932 2(:x,7,e)]
Thevefore, we have

322y )= CT2ngt) | 2D WAVE EQUATION

Nofe:
_V.2 19 the LaPlacia/\. oPem%ov
2 2 2
Z = (9‘1' + aﬂ

Wave equation, 6:4(%,9 = C4(x 1)
dimension, D

Ener” of a membrane

Ener” olemi{j

e(w9,t)= %(at z(m,g,fc))2+ I [(3,2 (yy.8)) + (5420 9#))2 ]

h
i x(t)= ¢ (atz(x,g,{))i

v(t)= %[( axz(a,t,,f))ﬂ (a9 z(x,g,é))z ]




Note:

dient :  TH(x,y) = [9xf(x,9)
)
nDiV!YjCﬂCC: 7= a;xVx(xi‘j) + (9? Vj(\x)g)
§=

[2
LaPlacimi Zz v-(2f) = 9;4(00‘})4 9;4(3‘;7)

Thevefote wing T opevatoy , €(x,9,) becomes

2 2
e(xyt) = _g_(akz(x,qﬂc)) + %l vz2(x,y,4)|

Compu{inj time derivative
Of 6(1.5,{) =Q0 Z(l;y,gatzi’(&;‘j,f) + TJZE(I;‘j,{')‘Yaf 2(x, 'g,’c)

usinj wave ea;ua{—'mn and eszT
9,0 y,t) =ea (x99 2(uq8) + Tr2(xy ) 29, 2(x,ut)

=-p- (-Ta,cz(x,!,,f) YZ(J‘:%{T))

Detine flux as

Fl Floya,b) = -T9, 2(a,0,8) 72 x9,4) = -Top 204, ¢ (a 26uy)

ux Y i 2(09,t) 72(xy ) 20 Y ) a?a(mﬂ,,t))

Comma{-iov\, 4 ¢(xt) + ¥ :f(x,k,,’c)=0

equa{:ior\,

Ev\evﬂ of a membrane s

E=HdA£(oc,y,é) dA=dxAL]
R area element

%% = HdAa?éi(x,«g,%) =- gdA.\Z-'F(m.f)ri ds - Flx9,1)
R

bu1 2) dam' Theovem,



Plane Waves

we call z(u,«,,’c) a 2- Dimensional plane wave if it varies onlj in a J'm?le divection,

on the plane.

-
Divection, determined by it veckor M=(ny f\,) = ( '\a.>

NE

Hence, ma%hcmal:icalltj

n
1 Y

2(3‘:‘1,0: Z(Rz

Plane Wave Equation,
4)= 2(nxngy t) [

i'—' 0(.)’ $=nxl +ﬂ77

Check'mj if this datisfies 2D- Wave ectuahor\,
2050 -¢(na'2(58) +rjo] 2(5.4)) =0

whete §=1-X

]

Al=1

oale)- 21926020 | —» | 26yt)= 4R T-d)+g(AT4ch)

. SR
ﬂ?h{ MY 7 el mov’mﬂ

Hence for plane waves, 2D - Wave ectuaho'r\, veducey +o 1D Wave eqn alonj a dpecific

divection,

2D dimengional

2(,9,t) = $(RX-ct) + 9(R % +4ck) plang  waved

Theve exists a notion, of 2-Dimensional hawmonic plane wave.

hx,yt)=e

(K1 -wt)

-

K: wave Vectoy

Havmonic Planc wave Solves +he 2Dimensional wave quahom Wt dispersion velation, 1s

sotisied

w=w(K) = ¢[Kl= c{ig4K

2

J



Rectangular Membranes

Has domain,

e { (,9) € )Kzl 0<x48, 04y b)

We want o find golutions +o the wave e1uajciov\,
[952— 629: _ch;] 2(0(,'5,{) =0 V(Jl;«j\é Dab
IMpos'mg Divichlet Bouna‘av:,

2(0,yt)z0 §2(x0t)=0
{Z(a,)k;?k) =0 { 2(x, b.tg—- 0

Seym{:ion of Vaviables
EmPlo\«, the Jfo"ou?n\j angat 2
2(x,yt) = X@)Y(9) T()
Substitution, in the wave equation, and dividing everyhing by 2(9,4)

I_T"(’C) = X 4 Y'ly) - K constant
W XW Y0

We JPH’ the wave eqvuakior\, into 2 pieces
T')=-2K'rle

)
n 2 n 2
x) =-k-Y(4) =- new constant
gt o

Per{ominj o further gplit, we Je’( J independen’c 0DE
T'(t) = -2k T(k)
'@ = -px ) K= ot v?
Y'(y) = 0*Y(y)

Jolving the ODE's

X (%) = Acs (ma) + Bsin ()
¥(y)= (,coo(uj) + DJ":'L(D';)
Tl) = E cos(ket) + Foin(ket)

ABCDEF mv constanks




ﬁoundmj Conditions

Imposin9 boundmrj conditions

We See +hat
x 2(0,94)

2(0,9,4) =

2(0,94)= 2(ay4) = 2(x0,8) =2(%bt) =0

=2(ayt) => {X"(o)= 0

X'(a)=0

A=0
Bsin(ma)= 0 = sinlna)=0 B840
= =N neZ
Q

> |

2(ayt) = {Y"(O)= 0
yu(a)=o
¢=
= { P
Din(ma)= 0 =D sinlbb)=0 D40
= \)=Ebﬂ, neZ

T‘\eve-fo'fe, we 3&: the {o“owinj Jo‘ujtiovl,

2 3',\&,«,,{): Jin(%mc) Jil\(_’_b‘ w) (li' as(k,d) 46 vtsm('(mtﬂ

B\«, JuPCYPOJl'l’IDP\, Pvmc:ole

Koo = |[En)? 4 [Em)? Ymmne Z
7 6 ()

00 00
l‘j"f ZZE 1,9%

m=| n=|

Novmal
Modes



The wnstants F &, determined using initial conditions

Z(mlf),O) = Zo(ﬁl‘])
atz(“"i»{')lt=0= Vo(a9)

Jubstit u{iv\j, we $ind

2(\'1)'1| Z_ \Jm(xm) Jm( . '3) = 2,,(0’-,3)

nm

( :*9‘»' Z_G MK cdm(xm> Jm(b 3) = Vo(“)j)

Qo

Recall 'm{ejfa\ ;
%f douim(ﬂnx)ain(Lmat) =& Ymne2

L L
0
= %[tia(. JM,(% l'\'x) 20(3‘15 %‘_ de(f ;w) [dx Jm(ﬂ\x) Sm(?;n at)
Z_ )SII\(W "'ﬂ)

Jimilaﬂ?

M' = EL%\[ :X.fd\«,?.(fl,ﬂ Jin, WM,:L) JH\,(W "'J)
0

0

AP?‘T"" initial ve\ocil-j conditions, we 3&

G, KI_(M',,.')# Jo a[ Job(sm( %p\'x) Jm(rB f\,l“’,) Vo(u,q)) d,] i




Neamann bov\ndon'- Free boundav7

1\\.22(\'1;'1,%)=0 ] nounit nowal +o 3D,

E 8 Z(m“’,{) |J-=0m.= 0

9’ 2(3—)’,*,)":0’“ = 0

Here we avrive at Novmal Modes

2:‘,4(3"9!{): M(%nx) co (_’gmj) (ﬁﬂcos(Kmé{) + q"éin(kmmc’ﬂ

Circular Membranes

Has domain,

D= {Guy)eR |5+ <al

Ditichet Gowxo\mrji Z(:L,j.’c) =0 V(dny) ¢ D,
APP‘?"‘? polay co-ovdinates
x=7c050  ve[0,%0)
{3=T\Sin6 0¢[o,2r)
Note: in, polar, -F(x,g):{-(vcos@, 15in0)

2 2 2
T=0.49, =

2 2
g 2t 10 + L5,

Tntvod
i Z(T,a,’c)= z(at(v,e), U(T,e),f)
Jub;’cih’cinj into wave ecvna{‘ion [af- czyz]z=0 | We 3&

2 2 2
_C'_iaéZﬁay Z, +%9YZ. +Y¢29e Z

Applﬂinj sepevation, of vaviables
Z(r,6.t) = R(O(6)TE)



Joame a3 before

T'(4) = -K"¢TG)

_(% BT({(_WZ? i 1{6(()9-—K

The second e1uahon can, be fuvhey dPh’c

a8
And we 3e’r

T4) = -k T@) 0(6)= Acos(ng) + Bsin(n)
] 6() = 6(6427) = neZ
6'(8)= -n"elo)

R'() +L R(x) + ( #—_rﬁ) R(*)=0
Y?.

Y

Non- Dimcn&iomhzmj

[xfﬁ} [Rl,  [xkl=1_
a (=77 1)

Define ¢=rk = [€]=1

R(e)= r(v(e) N= _»%

z(0) + ( 1—_Af>3i(e)= 0 | Besel Equation,




